. _______________________________________________________________________________________________________|
EECS 127/227AT Optimization Models in Engineering UC Berkeley Spring 2024
Homework 9

. _______________________________________________________________________________________________________|

Self grades are due at 11 PM on April 5, 2024.

1. Optimizing Over Multiple Variables

In this exercise, we consider several problems in which we optimize over two variables, ¥ € R™ and i € R™,

—

and a general (possibly nonconvex) objective function, Fy(Z, ). Suppose also that # and ¢ are constrained to

different feasible sets X’ and ), respectively, which may or may not be convex.

(a)

(b)

Show that

minmin Fy(Z,7) = minmin Fy(Z, 7 1
FeX gey 0( ay> JEY TeX 0( ay)7 ()

i.e., if we minimize over both & and ¥/, then we can exchange the minimization order without altering the
optimal value.

Solution: We first consider the quantity mingcy Fo(Z, %), which can be viewed as a function of Z. We can

write
Fo(Z, ) > min Fy(Z, ) (2)
yeY
> min min Fy(Z, ) 3)
TeX gey

where both lines follow from the definition of a minimum. The inequality above holds for every & € X, so

it holds for the value & that minimizes this quantity, i.e.,

in Fy (&, 7) > min min Fy(Z, 7). 4
min 0(I7y)_gé1§g1€1§}1 o(Z, 1) 4)

This inequality also holds for every i € ), so

min min Fy(Z, §) > min min Fo(Z, 7). 3)
gey rex reX yey

By symmetry, we can reverse our treatment of & and ¢/ and arrive at the reversed inequality

min min Fo(Z, 7)) > minmin Fy(Z, 7). 6)
min min Fy (7, ) > min min (Z,9) (

Since both (5) and (6) must hold, the expressions must be equal, as desired.

Show that p* > d*, where

* = min max Fy(Z, 7 7
P" = min max o(Z, ) @)
d* = max min Fy(Z, 7). (8)

yeY TeXx

This statement is referred to as the min-max theorem.

Solution: By the definitions of minimization and maximization, we have that

L(y) = Hﬂlfi,n Fo(@,9) < Fo(2,9) <U(Z) = n;ga}xFo(f,zi’) )
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for every & € X and ¢ € ), or more simply,
L) < U(@). (10)
Since this inequality holds for all & € X', it holds for the value of & that minimizes U (&), and thus

p* = minU(&) > L(7). (11)
cex

=

8

Similarly, since the above holds for all § € Y, it holds for the value of ¢ that maximizes L(%), and thus
p* > max L(y) = d* (12)
yey

as desired.
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2. Visualizing the Dual Problem

Download the Jupyter notebook dual_visualize.ipynb; complete the code where designated and answer the
questions given in the space provided. (If you prefer, for questions that do not involve writing code, you can write
solutions on separate paper or IATEX PDF, just make sure to correctly mark the relevant pages when uploading

to Gradescope.)
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3. Duality
Consider the function

f(@)=2" Az —2b' Z. (13)

First, we consider the unconstrained optimization problem

p* = min f(%) = min ¥’ A7 —2b' ¥ (14)
ZERn ZeRn

for a real n x n symmetric matrix A € S"™ and b € R™. If the problem is unbounded below, then we say

p* = —oo. Let &* denote the minimizing argument of the optimization problem.

(a) Suppose A = 0 (positive semidefinite) and b € R(A). Let rank (A) = n. Find p*.
HINT: What does A = 0 tell you about the function f? How can you leverage the rank of A to compute
p*?
Solution: If rank(A) = n, then A > 0, and therefore the objective is strictly convex. Setting the gradient

to 0 we obtain,

Vaf(Z) =24F —2b =0 (15)
— AT=0b (16)
— F=A"" (17)

Where in the last step, we used that fact that a full rank square matrix is invertible. Plugging this back into

our objective function we get,

f@)=@®"(AT)T)AATD) — 267 (A7 D) (18)
=b (AT lAA B — 2" AB (19)
=bTA 26" A (20)

P =—b A1 1)

(b) Suppose A = 0 (positive semidefinite) and b € R (A) as before. Let A be rank-deficient, i.e., rank (4) =
r < n. Let A have the compact/thin and full SVD as follows, with diagonal positive definite A,. € R"*":

UT

r

Uy

A O

. 22
0 0 (22)

A=UnU] = [0, ]

Show that the minimizer * of the optimization problem (14) is not unique by finding a general form for
the family of solutions for #* in terms of U,., Uy, A, b.

HINT: As before, A = 0 gives you some information about the objective function f. Can you use this
information along with the fact that b € R(A) to obtain a general form for the minimizers of f? Use the
fact that any vector £ € R"™ can be written as ¥ = U,.d + Ul,gfor unique Q, ,E

Solution: Since A = 0, f(&) is convex and we can attempt to find the minimizer by setting the gradient to
zero. Doing this we obtain,

AF = b, (23)

as in the part (a) of this problem.
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(©

(d)

However, now this equation has infinite solutions since b lies in the range of A and A is rank-deficient.
Indeed we can add any vector from the (non-trivial) nullspace of A to any particular solution #y of Equa-
tion (23) and get another solution.

By the Fundamental Theorem of Linear Algebra we have,

—

T=Ua+Up (24
b=U7, (25)

where we used the fact that b € R(A). Using this we obtain,
UM U (UG + U1 f) = U7 (26)

Since the columns of U; and U, are orthogonal to each other and because U,.T U, = I, A, is invertible we

have,
UAU UG =U,5 (27)
— a=A'5 (28)
=AU, (29)

Thus any solution to Equation (23) and hence a minimizer to the optimization problem (14) can be written

as,

P =UANUTE+ U B (30)
If A % 0 (A not positive semi-definite) show that p* = —oo by finding ¥ such that f(av) — —oo as
a — 00.

HINT: A % 0 means that there exists ¥ such that ¥ AT < 0.

Solution: Since A * 0 there exists an eigenvalue, eigenvector pair (¢, ¥') such that

TTAT = pu < 0. (31)

Assuming without loss of generality that 2577 <0 (If it is positive then multiply ¥ by —1) we can take
¥ = o to obtain,

F(@) = flab) = o0 AT+ a(—2b' ), (32)
which goes to —oo as o goes to oo since v AT < 0 and —25T 7 <0.

Suppose A = 0 (positive semidefinite) and b ¢ R(A). Find p*. Justify your answer mathematically.
HINT: From FTLA, we know that R" = R(A") @ N'(A). Therefore, b= + T, where 7y € R(A) =
R(AT) and v, € N'(A).

Solution: First, note that since A is symmetric, we have R(A) = R(AT). We have b = @ + ¥ with
7 € R(A) =R(AT) and 7 € N(A) as R" = R(A) ® N'(A) from the Fundamental Theorem of Linear
Algebra. We cannot have vs = 0 as otherwise we’d get b= ¥ € R(A) which is a contradiction. Now, let

U = Uy. We get from this:

Flad) = a*TT AT — 20(Ty + T2) "y = 0 — 20 || || (33)
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where we used the fact that o> € N (A) and 77 € R(A). As a — oo, we get that f(a¥) — —oo from

which we conclude that p* = —o0.

For parts (e) and (f), consider real n X n symmetric matrix A € S™ and b € R". Let rank(A) = r, where
0 < r < n. Now we consider the constrained optimization problem
p* =min &' AT —2b' % (34)
TZeR™

s.t. ¥ xz 1.

(e) Write the Lagrangian £(Z, \), where ) is the dual variable corresponding to the inequality constraint.

Solution:
L(ZN) =F AT —2b' T+ M1 —Z'Z) (35)
=Z AT —TFTAT—20'Z+ A (36)
=7 (A= ADZ—2b' T+ A (37)

(f) For any matrix C' € R™*" with rank (C') = r < n and compact SVD
C=UAV", (38)

we define the pseudoinverse as
Ct=V.ATU. (39)

We use the “dagger” operator to represent this. If d lies in the range of C, then a solution to the equation
Cr = d_: can be written as ¥ = C’Td_: even when C' is not full rank. Show that the dual problem to the

primal problem (34) can be written as,

&' = max b5 T (A=AD)TB+ A (40)
A—XI>0
bER(A—AI)
HINT: To show this, first argue that when the constraints are not satisfied ming L(Z, \) = —oo. Then show

that when the constraints are satisfied, ming L£(Z,\) = —b | (A— A)Tb+ \.
HINT: Compute g(\) and explore its behavior under the constraints.

Solution:

g(\) = min £(Z,\) = minZ' (A — \XI)Z —2b' &+ X (1)

Drawing from parts (c) and (d), we can see that if A — X\I % O orif A — X > 0, b ¢ R(A — M), then we
can choose Z to drive the Lagrangian to —oo. If the constraints are satisfied, however, then we can proceed

like in part (b) by taking the gradient:

Vil =2(A—X)Z—2b=0 (42)
(A > =b 43)
= (A=A (44)
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where in the last step, we used the fact that the PSD contraint on A — A/ is satisfied and b lies in the range
of A — A, so we can use the pseudoinverse and the gradient-zero point is indeed the minimum. Plugging

this back into the Lagrangian, we get:

L@ N =b"((A=ADNHT (A= A)(A =MD —26" (A= XD+ A (45)
=0 (A= ADT A= ADA=ADTE—26T (A - ADTE+ A (46)
=b (A=XD)Tb—20" (A= AD)Tb+ A (47)
= b (A=ADTb+ A (48)

where we used the fact that (A — A\I)T is symmetric and by properties of pseudo inverse,
(A=ADT(A =X (A= X)T = (A - D). (49)

Now, we have a full expression for our dual function:

~bT(A—=AD)Tb+ )X ifA— A =0,b€R(A— M)
g(\) = (50)
—00 else
The dual problem follows, as it is just a maximization of the dual function:

d* = meax g(N) (51
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4. Sensitivity and Dual Variables

In this problem, we explore the interpretation of dual variables as sensitivity parameters of the primal problem.

Recall the canonical convex primal problem

min  fo(Z) (52)
ZERN
st. f;(Z) <0, i=1,...,m (53)
hj(@)=0, j=1,...,p (54)
where f; are convex forall ¢ = 0,...,m and h; are affine forall j = 1,...,p.
For i = (u1,...,uy)" € R™and ¥ = (vy,...,v,)" € RP, we consider the perturbed problem
p™(4,0) = min  fo(Z) (55)
TER™
S.t. fz(f) §ui, 1= 1,...,m (56)
hi()=v;, j=1,...,p (57)

In other words, p* (i, ¥) is a function of « and ¥/ that gives the optimal value for the perturbed problem (if it is
feasible). If the problem is infeasible (i.e. no points exist that satisfy the constraints), we say that p* (i, ¥) = +o0.
Note that p* (0, 0) is the value of the original problem.

(a) Prove that p*(#, ¥) is jointly convex! in (¢ € R™, ¥ € RP).
HINT: Let
Di{(fERn,’JERm,ﬁERP) | fz(f) <w; Vi, hj(f):’Uj Vj}, (58)

which is the set of all triples (&, ,7) such that T is a feasible point for the perturbed problem with the

perturbations (i, V). Show that D is convex. Now define F(Z,u,¥) to be a function that is equal to fo(Z)

on D and 4o otherwise. Prove that F(Z,, V) is jointly convex in (¥, U, V), and then observe that
p*(@, %) = min F(Z, @, 7). (59)
xr

From here, to show that p* (i, V) is jointly convex in (i, ¥), you may prove and use the following lemma:
Let 51,55 be convex sets with a function f: S1 x So — R which is jointly convex in both arguments.
Define g(§) = mingegs, f(Z, 7). Then g(¥) is convex in §j € So.

Solution: First, we show that D is convex. Indeed, let (Z1, @1, ¥1), (T2, U2, U2) € D and A € [0, 1]. We

want to show that
A&, @, U1) + (1 = N) (e, ta, Ua) = (A1 + (1 = N)@o, Ay + (1 — AN)te, AT1 4+ (1 — X)) € D. (60)

Indeed, foreachi € {1,...,m}and j € {1,...,p}, we have

JiAZ1 + (1 = N)Z2) < Mfi(Z1) + (1 = N) fi(22) (61)
< A(tr)i + (1 = A) () (62)
— (M + (1 — \)ida)ie 63)

hy(72) (64)

IRecall that a function f: A x B — R is jointly convex in (@ € A, b € B)if A x B is convex, and for all § € [0,1], and for all
ai,ds € A, gl,gg € B, we have that f(efil =+ (1 — 9)52, 951 + (1 — 9)52) < ef(d’l,l_;l) + (1 — e)f(dg,gg).
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= ANt1); + (1 = A)(¥2); (65)
= (A + (1 = N)a);. (66)
This shows that D is convex.

Now we show that F'is convex. Let (Z1, U1, 1), (Z2, U2, U2) € R"xR™ xRP and A € (0, 1) (the endpoints
A € {0, 1} can be dealt with separately). Then there are two cases:

(i) If (&1,11,71) ¢ Dor (Ze, ta, U2) ¢ D, then we must have either F'(Z, i1, 1) = coor F(Zs, tia, Ua) =

0o. Thus we must have
F(\(&1, 11, 01) + (L = X)(Ze, Ua, Ua)) < AF(Z1,1U71,01) + (1 — N F (&2, Uz, T2) = oo. 67)

(ii) Ifboth (#1,u1,vh) € D and (&, Us, Ua) € D, then because D is convex, we have \(Z1, 1, ¥1) + (1 —
A)(Z2, Uz, U2) € D. Thus we have

F(M&@1, 11, 01) + (1 — M) (@2, U, U2)) = fo(AT1 + (1 — A)T2) (68)
< Afo(@1) + (1= A) fo(Z2) (69)
= )\F(xl,ul,vl) ( ) (562,172,172). (70)

Thus in every case we have
F()\(fl7ﬁlaﬁl) + (]- - )\)(527/&'2762)) S )\F(f17al7ﬁl) + (]- - )\)F(:E27ﬁ27172)7 (71)

so that F’ is convex.

Now by definition we have

p* (@, 0) = min fo(¥)= min F(Z 4, v)= min F( o) (72)
ZeR™ ZeR" ZERn
(#,1,7)eD (%,1,0)eD

because F' takes values +oo outside of D, so the minimum will never be achieved outside of D.

To show that p* (4, ¥) is convex, we prove the lemma in the hint. Let Sy, S5 be convex sets with a function
f: 51 x S2 — R which is jointly convex in both arguments. Define g(%) = minges, f(Z, 7). Then we
show g is convex in ¥ € Sy. Indeed, let 7, 2 € Sz and A € [0, 1]. Then by definition of the pointwise

minimum, we have
gL+ (1= N)ij2) < f(Z, A0 + (1= N)i), Vi € Sy. (73)
Because S is a convex set, it also holds if we write & as a convex combination of points in S1, i.e.,

AL+ (1= Ng) < fFAZL + (1 — N)Z2, A1 + (1 — X)) (74)
= fMZ1, 71) + (1 = A) (T2, 92)), V&, Ty € Si. (75)

Now we use the convexity of f to obtain
9T + (1= N)g2) < Af(@1,91) + (1= A) f(Z2, %2), VT, T2 € 5. (76)

Since this holds for all Z; and &5, it must hold for the minimizing 1, ¥ (which, to be clear, are chosen as

a function of ¥, /), so this gives

g+ (1= Ngo) < min  [Af(Z1, 1) + (1 = A) f (22, 52)] (77

T1,T2€S51
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(b)

(©

= A min f(&1,51) + (1 A) min f(Z2, ) (78)
= Ag(7) + (1 = A)g (i) (79)
Thus ¢ is convex in i € S5.
Applying it to this case, we observe that
p*(u,7) = %Iel]g}q,F(f’ i, V) (80)

—

and the latter function is jointly convex in all three of its input variables, so p* (i, ¥) is jointly convex in
(u, D).

Assume that strong duality holds, and that the dual optimum is attained, for the unperturbed primal problem
(52). Let (X*7 &™) be the optimal dual variables for the dual of (52). Show that for any point Z'that is feasible
for the perturbed problem (55), we have

fo(2) > p*(0,0) — @ X — 7' & (81)
HINT: Let L and g be the Lagrangian and dual function, respectively, of the unperturbed primal problem
(52). Use strong duality to relate p*(0,0) to g()\* *). Upper-bound the value of g(\ X+ ,0*) by the value
of L(Z, )\* &*). Then, noting that 7 is feasible for the perturbed problem (55), apply bounds on f;(Z) and
h;(Z) to bound L(Z, X*, ).
Solution: We have by strong duality and the bounds in (55) on f;, h; that

p*(0,0) = d* (82)
= g(\*, ) (83)

= min L(7, X*,&'*) (84)

ZER™
< L(Z, X, ) (85)
P
7) + Z N fi(2)+ > orhi(2) (86)
j:l
=1 =1
= fo(2) + @ X+ TG (88)

Rearranging obtains the desired equality.

Using the result of part (b), show that for all u, ¥/, we have

p* (@, 7) > p*(0,0) — @' X — 7' 5. (89)
Solution: Let (i, 7) C R” be the feasible set for the perturbed problem (55), so that minz¢ (g7 fo(2) =
p* (i, U). From part (b), for any 2 feasible for (55), we have
fo(2) > p*(0,0) — @ X — 75" (90)
We take minimums over Z’ € F (i, ¥) on both sides, and note that the right-hand side does not depend on
Z, to obtain

PH(E.9) = _min_ fo() > min_[p*0,0) - @' X~ 5@ = pr(0,0) @ X —aTe, O

FeF(@,0) FeF(ii,v)

as desired.
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(d) Suppose we only have 1 equality and 1 inequality constraint (that is u,v are scalars). For each (u,v),
exactly one of the following three cases must apply: either we must have p*(u,v) > p*(0,0), we must
have p*(u,v) < p*(0,0), or it is impossible to conclude which one is greater. For each of the following
situations, assume that |u| &~ |v| = 1, the small Lagrange multiplier has absolute value ~ 1, the large
Lagrange multiplier has absolute value ~ 10, and argue which case applies.

i. A* is large (as compared with o*) and u < 0.
ii. A* is large (as compared with ¢*) and » > 0.
iii. o* is large (as compared with A*) and positive and v < 0.

iv. o™ is large (as compared with A\*) and negative and v > 0.

HINT: Use the bound you computed in part (c).

Note that we can think of u and v as variables we choose — by examining how the solution to our original

primal problem changes, we can describe how “sensitive” our problem is to its different constraints!

Solution: For the scalar case, we can restate the relationship proved in part (b) as
p*(u,v) > p*(0,0) — \*u — o*v. 92)

For v = v = 0, this bound is (trivially) tight: it just says that p*(0, 0) = p*(0, 0). This means that when we
increase the value of u and v incrementally, we can use this bound to determine whether p* (u, v) increases
or decreases as compared with p* (0, 0).
i. Since \* is large and u is negative, we know that —\*u > 0, so our lower bound on p* (u, v) increases;
thus, p* (u, v) must increase accordingly.

ii. Inthis case, —A*u < 0, so the lower bound on p* (u, v) decreases; this doesn’t allow us to say anything
about whether p*(u, v) increases, decreases, or remains the same, since it could still obey this bound

for any of the three cases.
iii. Asin case 4.(d))i, —o*v > 0, so p*(u, v) increases.

iv. Asin case 4.((d))iii, —o*v > 0, so p*(u, v) increases.
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. 2 2 93
%IEI}R% J}l + xQ ( )
st (=12 + (22 —1)2 <2 (94)
(w1 —1)? 4 (2 +1)2 < 2 (95)

.
where z = [1‘1 .132:| € R2.

(a) Sketch the feasible region and the level sets of the objective function. Find the optimal point ©* and the
optimal value p*.

Solution:

The feasible region is given by the yellow area in the graphic above. The optimal solution is the closest
point to the origin inside the feasible region. Since the origin is an element of this feasible region, we have
= {O O]T,andp* =0.

(b) Does strong duality hold?
Solution: The problem is convex (i.e., the objective function and the feasible set are both convex). The
feasible set contains interior points (e.g., Z = {1 O} T), so Slater’s condition is satisfied and thus strong
duality holds.

Write the KKT conditions for this optimization problem. Do there exist Lagrange multipliers A and A5

(c

~

that prove the optimality of &*?

Solution: The Lagrangian is given by
L(x,\) =27 + 22+ M[(x1 — 1)+ (22 — 1)? = 2] + No[(z1 — 1)* + (22 + 1) = 2].  (96)

We can write the KKT conditions as follows:
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i. Stationarity:

21+ (A1 +A3) (a1 —1) =0, ©7)
x5+ Al(xs — 1) + X5(z5 + 1) = 0. (98)
ii. Primal feasibility:
(@] = 1%+ (25— 1)* =2 <0, (99)
(7 —1)* + (x5 +1)2 —2<0. (100)
iii. Dual feasibility:
A7 >0, A5 >0. (101)
iv. Complementary slackness:
Ml =1 + (@5 - 1)* =2 =0, (102)
Mlzf —1)%+ (23 +1)>—2] =0. (103)

From the stationarity conditions (along with dual feasibility), we can conclude that
2] =0,25=0= X =)\;=0. (104)

Since in the previous part we already show this is a convex problem with differentiable objective and con-
straint functions, and that Slater’s condition holds, we know KKT conditions provide necessary and suf-
ficient conditions for optimality. Since these values for * and X satisfy the KKT conditions and strong

duality holds, we can conclude that ©* is primal optimal (and, additionally, that X* is dual optimal).
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6. Homework Process
With whom did you work on this homework? List the names and SIDs of your group members.

NOTE: If you didn’t work with anyone, you can put “none” as your answer.
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