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1. Singular Values

(a) Suppose A ∈ R3×2 is a matrix such that A>A is given by

A>A =
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What are the singular values of A?
Solution: The singular values are the square roots of the eigenvalues of A>A. The eigenvalues of A>A are 5 and 3, since
those are the diagonal entries of the diagonal matrix in the spectral decomposition.

Therefore, the singular values of A are
√

5 and
√

3.

(b) Suppose that B ∈ R3×2 has singular values 0,
√

2, and
√

7. Let C =
[
B −B 3I3

]
∈ R3×7, where I3 ∈ R3×3 is the

3× 3 identity matrix. What are the singular values of C?
HINT: Consider the matrix CC> ∈ R3×3.

Solution: To find the singular values of C, we consider CC> ∈ R3×3. Note that we consider this matrix rather than
C>C ∈ R7×7 because the former is smaller, and we get the following simplification:

CC> =
[
B −B 3I

]  B>

−B>

3I

 = 2BB> + 9I. (2)

By the shift and scale properties of eigenvalues, the eigenvalues of CC> are 9 + 2× the eigenvalues of BB>. Since the
eigenvalues of BB> are the squared singular values of B, we know that the eigenvalues of BB> are 0, 2, and 7. Thus the
eigenvalues of CC> are 9, 13 and 23. Thus the nonzero singular values of C are 3,

√
13, and

√
23.
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