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1. Eigenvalues of Symmetric Matrices

(a) Let A € S™ (i.e., the set of n X n real symmetric matrices) with eigenvalues \;. Prove that all of the eigenvalues of A are
real (i.e. that \; € R for each 7).

Solution: Let (v € C™, )\ € C) be an eigen-pair of the matrix A. Consider the quantity (Av)*v. We have that
(Av)* v = v* A% = v" Av = \v™v

where the second equality uses the fact that A is symmetric and real and the third that v is an eigenvector of A with eigenvalue
A

Similarly, we can apply the fact that Av = Av before expanding the inner product to get
(Av)*v = (\v)*v = Iv*v
where \ notates the complex conjugate of \. As a result,
Av*v = vt
Since v is a non-zero vector, v*v = ||v||3 > 0, so we can re-arrange our equality to see that
A=A
The only numbers which are equal to their own complex conjugate are the real numbers, so this tells us that A € R as desired.

(b) Let A € S™ (i.e. the set of n x n real symmetric matrices) and (A1, @), (A2, @a), A1 # Ao be distinct eigen-pairs of A. Show
that /] iy = 0, i.e., eigenspaces corresponding to distinct eigenvalues are mutually orthogonal.

Solution: We have

Aty o = (M) s ()

= (Adiy) il )
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= il] Aily (4)

= 1] (Aoila) ©)

= \oil; ilo. (6)

Thus we have

A (@] @) = Ao (@] ty) = (A1 — A\o) (] @z) = 0. (7

Since A\; # Ao, we have A\; — Ay # 0, so we must have ﬁ]—ﬁg =0.

Thus, ] iz = 0 for any iy, i corresponding to different eigenvalues. Stated differently, unique eigenvalues correspond to
orthogonal eigenvectors.
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