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1. SVD Part 2

Consider A to be the 4 x 3 matrix

A:[a‘l s a},} )

where a; for i € {1, 2,3} form a set of orthogonal vectors satisfying ||d; ||z = 3, ||dz||2 = 2, ||ds|l2 = 1.

(a) What is the compact SVD of A? Express it as A = UXV T, with ¥ the diagonal matrix of singular values ordered in

decreasing fashion, and explicitly describe U and V.

Solution: The SVD of A = ULV . Due to the orthogonality of the @; we have that

9 0 0
ATA=VS?VT =10 4 0 )
0 0 1
Thus V = I and ¥ = diag(3,2, 1). Finally we have that U = AX~! which becomes
-5 % 4 o

(b) What is the dimension of the null space, dim(A\ (A))?
Solution: From part (a) all of the singular values of the A are non-zero. So the dimension of the null space is 0. Alternatively,
all the columns of A are orthogonal — so no (non-zero) linear combination of them can equal zero.

(c) What is the rank of A, rank(A)? Provide an orthonormal basis for the range of A.

Solution: The rank of A is simply the number of non-zero singular values. So rank(A) = 3. The columns of U (defined

above) provide an orthonormal basis for the range of A.

(d) Let I3 denote the 3 x 3 identity matrix. Consider the matrix A= € R7*3. What are the singular values of A (in terms

I3

of the singular values of A)?
Solution: We have that ATA = ATA + I3 = V(X2 + I3)V ". Hence if we denote o; as the singular values of A then the

singular values of A are 0; = \/cri2 + 1 which are /10, \/5, V2.
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