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1. Gradient of the Cross Entropy Loss

Consider the data (~xi, yi) for i = 1, . . . , n where ~xi ∈ Rd and yi ∈ {0, 1}. Consider the parameter vector ~w ∈ Rd. For each
i ∈ {1, . . . , n}, define the logistic function pi : Rd 7→ R given as

pi(~w) = 1
1 + e− ~w>~xi

. (1)

(a) Find the gradient of the function pi(~w).
Solution: The gradient is

∇pi(~w) =


∂pi

∂w1
(~w)
...

∂pi

∂wd
(~w)

 . (2)

Here
∂pi

∂wj
(~w) = (~xi)je− ~w>~xi(

1 + e− ~w>~xi
)2 . (3)

Thus

∇pi(~w) = ~xi ·
e− ~w>~xi(

1 + e− ~w>~xi
)2 (4)

(b) For i ∈ {1, . . . , n}, the cross entropy of p ∈ [0, 1] against yi is defined as

Hi(p) .= −yi log(p)− (1− yi) log(1− p). (5)

Find the gradient of the function `i(~w) .= Hi(pi(~w)) with respect to ~w.

Solution: The gradient is

∇~w`i(~w) =


∂`i

∂w1
(~w)
...

∂`i

∂wd
(~w)

 . (6)

We can use the chain rule to find each component:

∂`i

∂wj
(~w) = −

[
∂Hi

∂p
(pi(~w))

] [
∂pi

∂wj
(~w)
]

(7)

= −
[

yi

pi(~w) −
1− yi

1− pi(~w)

] [
(~xi)je− ~w>~xi(
1 + e− ~w>~xi

)2

]
(8)

= −
[

yi

1/(1 + e− ~w>~xi)
− 1− yi

e− ~w>~xi/(1 + e− ~w>~xi)

][
(~xi)je− ~w>~xi(
1 + e− ~w>~xi

)2

]
(9)

= −
[

yi(1 + e− ~w>~xi)− (1− yi)(1 + e− ~w>~xi)
e− ~w>~xi

][
(~xi)je− ~w>~xi(
1 + e− ~w>~xi

)2

]
(10)

= −(~xi)j

[
yi

e− ~w>~xi

1 + e− ~w>~xi
− (1− yi)

1
1 + e− ~w>~xi

]
(11)

= −(~xi)j [yi(1− pi(~w))− (1− yi)pi(~w)] (12)

= −(~xi)j [yi − pi(~w)] (13)

= (~xi)j [pi(~w)− yi] . (14)
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Thus
∇~w`i(~w) = ~xi [pi(~w)− yi] . (15)
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