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1. Convergence of Gradient Descent for Ridge Regression

Let A € R™*" ¢ € R™, and A > 0. Consider a slight variation of the ridge regression problem where the least squares loss is

normalized by the number of data points:
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The unique solution to the problem in Equation (1) is
= (ATA+ A mI) ATy @)
(a) Show that the GD update
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can be rearranged into the form
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Use this to show that .
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m
for every positive integer ¢.
Solution: We have
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AT A
= (I—n( +)\I>)(ft—ff\). (10)

(b)

Iterating this relation obtains the second equality.

We now discuss the insight that the SVD can give us regarding the convergence of GD. Let A = UXV " be a full SVD of A.
Let 7, = V' 7 and 25 = V T #'5. Show that

2TE '
a-5=(1-n(EZ2+00)) @-2) a
m
and, moreover, show that for each ¢ € {1,...,n}, we have
- oi{A}? b
@@= (10 (22 4 0)) (@i - @0 (12)

where o;{ A} is the i*" largest singular value of A.

Solution: If A = UXV'T then
ATA=vxTUuTusvT =vTsv'. (13)
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Thus we have
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Now note that the quantity I — n(XDTTE + AI) is a diagonal matrix. Thus we have

»Ty ¢
*t»?i(fn( — +)\I)> (%0 — 2)
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(c) Show that lim;_,, Z; = 25 for all initializations &y = V' Zy if and only if
fA12
1_77(”1{}“)‘ <1
m

Use this to show that GD converges for all initializations & if and only if

K  Tmaxl AT + Am

where opnax{A} = 01{A} is the largest singular value of A.

max
i€{1,.n}

Solution: We have

lim Z;g = 2;\, V.fo
t—o0
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— max
ie{l,...,n}

{AY?
1n<U{}+A)‘ <1
m
This proves the first part of the question. The second part of the question follows by noting that
{A}Y?
1-n (0{} + A) ' <1
m
{AY?
<= max <1n<0{}+)\)> <1
m

i€{1,m}

A2
and  min (1 o (U{} +>\)> > 1
i€{l,...,n} m
min A 2
@il—n<g{}+A><1
m

2
and 177<Jmax{A}+)\> > 1.
m
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(35)

(36)

Now the first equation is always satisfied for > 0 and A > 0 because UT{A}Q +A>0s01— 7](0‘““‘?{1‘4}2 + A) < 1. The

second equation is satisfied when n < o{i‘%. Since limy_, o @y = &3 if and only if lim;_,, Z; = Z%, we have that
max

gradient descent converges for all initializations & if and only if 0 < 7 < 0_54%.
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