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1. Lagrangian Dual of a QP

Consider the standard form of a convex quadratic program, with @@ > 0:

(a)

(b)

(©

1
min 5;5@5 (1)
st. AZ<b 2)
Write the Lagrangian function £(Z, X).
Solution: )
L(T,N) = 5 7'QF+ X (AT —b) 3)
Write the Lagrangian dual function, g(X).
Solution:
g(X) = inf L(Z,X) (4)
We can find this infimum by setting V z£(Z*, X) = 0:
QFF +ATX=0 = 7 =-Q'ATX (5)
Substituting, we get
g(X) = L&, X) (©6)
1- I .
= iATAQ*TATA —ATAQTTATX = XTh (7)
1= o
= _gﬂAQ*lATA—ATb (8)

Show that the Lagrangian dual problem is convex by writing it in “standard QP form” — that is, in a form similar to the

original problem. Is the Lagrangian dual problem convex in general?
Solution: The Lagrangian dual problem writes

o 1- o oo
max g(A\) =max — A AQTATX - XTb, )
x>0 >0 2

the maximization of a concave function of X over the convex region given by the non-negative orthant X > 0. The dual
problem is therefore convex.

While in this problem, the primal problem was convex, it turns out that the Lagrangian dual problem is a convex problem

even when the primal is not. To see this, examine its general form:

x>0 & x>0

max min £(Z, X) = max min lfo(a_j') + Z /\Zfl(f)] (10)
v i=1

This represents the pointwise minimum of affine functions of X, which we know to be concave. The resulting maximization

problem of a concave objective in X over the convex region X > 0 is then a convex optimization problem!
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