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1. Dual of a linear program

Consider a standard linear program P :

min
x⃗

c⃗⊤x⃗ (1)

s.t. Ax⃗ = b⃗ (2)

x⃗ ≥ 0⃗. (3)

where x⃗, c⃗ ∈ Rn, b⃗ ∈ Rm, A ∈ Rm×n. x⃗ ≥ 0⃗ means xi ≥ 0 for all i = 1, . . . , n.

(a) Formulate the Lagrangian of the problem P , and write the dual problem. You do not need to solve the dual problem.

Note: The dual problem should not have the variable x⃗.

Solution: Denote the dual variable associated with the equality constraint in P by ν⃗ ∈ Rm, and the dual variable associated
with the inequality by λ⃗ ∈ Rn. The Lagrangian of P is given by

L(x⃗, ν⃗, λ⃗) = c⃗⊤x⃗ + ν⃗⊤(Ax⃗ − b⃗) + λ⊤(−x⃗) = −b⃗⊤ν⃗ + (c⃗ + A⊤ν⃗ − λ⃗)⊤x⃗. (4)

To get the dual problem, we take the minimum of the Lagrangian with respect to our primal variable x⃗, i.e.,

g(ν⃗) = min
x⃗

L(x⃗, ν⃗, λ⃗) =

−b⃗⊤ν⃗ if c⃗ + A⊤ν⃗ − λ⃗ = 0⃗

−∞ otherwise.
(5)

The dual problem is then given by D:

max
ν⃗,λ⃗

− b⃗⊤ν⃗ (6)

s.t. c⃗ + A⊤ν⃗ − λ⃗ = 0⃗ (7)

λ⃗ ≥ 0⃗. (8)

We can simplify this further by noting that λ⃗ is constrained to be λ⃗ ≥ 0⃗, since it is the dual variable associated with an
inequality constraint. Then, c⃗ + A⊤ν⃗ − λ⃗ = 0⃗ ⇐⇒ c⃗ + A⊤ν⃗ = λ⃗ ≥ 0⃗, and we can eliminate λ⃗ to get

max
ν⃗

− b⃗⊤ν⃗ (9)

s.t. c⃗ + A⊤ν⃗ ≥ 0⃗. (10)
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